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1 Introduction 



The second law in thermodynamics asserts that the entropy of an isolated physical system al- 
^ I ways increases; an example is the entropy of the solution to the heat equation on a Riemannian 

— ■ manifold. Recently motivated by the ground-breaking work of Perelman, there have been inten- 

. sive studies on the entropy (i.e. Perelman's W^-functional) of the solution to the heat equation. 

.1— j- \ In [10, 11], the author proved the monotonicity of the entropy and showed its connection with 

■ the geometry of the manifold. In the recent work [6], we presented several estimates on the time 

. derivative of entropy of the solution to the heat equation on a Riemannian maniflod, in terms 

of the lower bound on the Ricci curvature and the first eigenvalue of the Laplacian operator. In 
the present work we intend to generalize these results to the infinite dimensional case. 

Let (VF, if, /i) be an abstract Wiener space (see the beginning of Section 2 for its definition) 
^ \ and C the Ornstein-Uhlenbeck operator on W . Consider the Fokker-Planck equation 

■^ut = Cut, u\t=o = uo, (1.1) 

where uq G LP{W) for some p > 1. This equation is understood in the weak sense, see (3.1). 
As shown in Section 3, equation (1.1) has a unique solution which is given by Ut = PtUo with 
Pt being the Ornstein-Uhlenbeck semigroup on W. Moreover ut also solves (1.1) in the Frechet 
sense. Now suppose that no > 0; then ut > and /^^ ut dfj, = fy^ uq dfi for all t > 0. Define the 
entropy by 

Ent(ut) = - / utlogutdfj,. 
Jw 

From the simple inequality —x log x <1 — x for all x > 0, we know that Ent(ti() < 1 — jy^^ uq dfi 
for any t > 0. The formal calculation gives us 



^Ent(n,) = - 1^ ((logn,)|n, + |n,)d^ 
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= - [ {logut)jCutdiJ, = I d/x, 
Jw Jw 

where the last equahty fohows from the integration by parts formula. Therefore the entropy 
Ent(Mt) is an increasing function of t if the initial condition uq is not a constant. As in [6], we 
will estimate the rate of change of the entropy as i ^ oo, by making use of the Weitzenbock 
formula on W. 

Denote by D^(T^) the first order Sobolev space on the Wiener space W. The main result of 
this paper is 

Theorem 1.1. Let p > 1. Suppose uq € ©^^(I^) such that uq > sq for some positive constant 
eo > 0. Then 

^EntK) < / ^-^df,. 

at Jw Uq 

This theorem will be proved in Section 3. The above estimate is consistent with the result 
in [6, Example 2.4]. Indeed, let £„ be the n-dimensional version of the Ornstein-Uhlenbeck 
operator C (see (2.4) for its definition); then we have = 2L where L is defined in [6, Example 
2.4] with k = 1. Slight modification of the arguments in [6, Example 2.4] will give us that the 
time derivative of the entropy of the transition density is e~^*. We would like to mention that, 
by [3, Theorem 1.5] and the metric measure theory (see e.g. [7, 14, 15]), the lower bound for 
the Ricci curvature of the Wiener space is 1, hence the above theorem is also in accordance 
with the main result in [6] if we consider the Laplacian operator A instead of ^A. 

Compared to [6, Theorem 1.1], the main difficulties in the infinite dimensional situation are: 
(1) the justification of that various functionals belong to the domain of the Ornstein-Uhlenbeck 
operator C, and (2) the validness of the differentiation under the integral sign. Fortunately the 
unique solution ut to the Fokker-Planck equation (1.1) is sufficiently regular, and the equation 
can actually be understood in the sense of Frechet differential. These observations make our 
computations possible. To avoid the technical difficulties, we assume that the initial value uq 
has a positive lower bound eo > 0, so that the estimations become easier. 

The paper is organized as follows. We recall in Section 2 some preliminary elements in 
the Malliavin calculus and prove the Weitzenbock formula on W associated to the Ornstein- 
Uhlenbeck operator C (cf. Theorem 2.2). In Section 3 we first show that ut = PtUQ is the unique 
solution to the equation (1.1); after that we establish an equality which is essential for proving 
the main result of this paper, see Theorem 3.4. Then by following the idea in [6], we present 
the proof of Theorem 1.1. Finally in the Appendix, we give the proof of a result concerning the 
differentiation under the integral sign which is needed in the proof of the main theorem. 

2 Preliminaries in Malliavin calculus and the Weitzenbock for- 
mula 

In this section we recall some basic facts in the Malliavin calculus and present a Weitzenbock 
type formula on the Wiener space associated to the Ornstein-Uhlenbeck operator. Let {W, H, fj,) 
be an abstract Wiener space in the sense of L. Gross, i.e. is a separable Banach space, H is 
a separable Hilbert space and fi is a Borel probability on W, such that H is continuously and 
densely embedded into W and for any £ G W* (the dual space of W), we have 

/ eV^^(-)dMw^) = e-l^ll^/2^ 
Jw 
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where | • is the norm in H associated to the inner product {,)h- In the foHowing, we fix an 
orthonormal basis {hi : i > 1} of H , with hi G W* for all i > 1. Define Hn = span{/ij : 1 < i < 
n} and 

n 

T^niw) = ^ hi{w) hi, w £W. 

i=l 

Then 7r„, is a continuous linear map from W onto Hn, and the restriction of 7r„|/f is the orthogonal 
projection. It is known that the push forward := (7r„)^/x is the standard Gaussian measure 
on the n-dimensional Euclidean space Hn- 

We refer to [2, 4, 9, 12] for the background in Malliavin calculus. Let be a separable 
Hilbert space. Denote hy K ® H the Hilbert space of Hilbert- Schmidt operators L from K to 
H, and the Hilbert-Schmidt norm. For some p > 1 and Z G L^(yV,K), we say that 

Z G I])l{W, K) if there exists VZ G LP{W, H ® K) such that for each heH, 

{VZ, h)H = DhZ = Z{w + eh) holds in L^". 

de e=o 

The space ©^'(W, K) is complete under the norm: 

In the same way we can define Sobolev spaces Dm(VF,-fC) of higher orders m > 1. Notice that 
J}l{W,K) = LP{W,K). A K-valued functional Z is called cyhndrical if there exist iV, M > 1, 
fi G C^{R^^) and ki^ K{l<i<N), such that 

N 



Z = '^fi{hi{w), - ■ ■ ,hM{w))ki. 



i=l 



By the Schmidt orthogonalization procedure, we may always assume that {ki,--- j/cat} is an 
orthonormal family. Note that Z : W ^ K is Frechet differentiable of any order. We denote 
by Cj\m.{W,K) the space of if-valued cylindrical functionals, which is dense in Ii^{W,K). If 
K = 'K, we simply write ©^(l^) and Cylin(T4^). A basic result in Malliavin calculus is that the 
divergence 5{Z) G ©^.^(W, if) exists for Z G lfn,iW,H® K) (see [12, Proposition 1.5.7]), and 
there is Cp^m > such that 

P('^)ll]D^_^(iy,X) < Cp^m \\Z\\nP^{j^^H®K)- (2-1) 
The Mehler formula below defines the Ornstein-Uhlenbeck semigroup Pt on W: 

PtF{x)= F{e-^x + \/l - e-2t y) dfi{y). (2.2) 
Jw 

Here are some basic properties of Pt that will be used later. 
Proposition 2.1. (1) For any t > 0, Pt{Cylm{W)) C Cylin(M^). 

(2) For any t > and p G [l,+oo], we have for all u G L'^iW), \\Ptu\\Lv < H^^Ulp o-nd 
lim^^o \\Ptu - u\\lp = 0. 

(3) Pe is self-adjoint inL'^[W). Furthermore, for any p G (l,+oo) andu G LP{W), v G L'^{W) 
with i + i = 1, we have 

uPevdfi= / vPsudfi. 
w Jw 
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(4) For every t > 0, p > 1 and m > 1, we have Ptu € Bm(W^) for any u G L^iW), and there 
is Cp^m > such that 

where i?®™ = H (g) ■ y (g) H and At = e-yVl -e-^*. 

m times 

Recall that the last result is due to Sugita [16] (see also [2, Exercise 6.8]). The infinitesimal 
generator C of Pt is called the Ornstein-Uhlenbeck operator: 

^PtF = CPtF = PtCF, F G Cylin(T^). (2.3) 
ot 

It is known that C = —5 o V, hence £ is a continuous operator from D^_,_2(VF) to Bm(W^) for 
all m > and p > 1. Furthermore, if F G Cylin(VF) has the expression F{w) = f o TTn{w) for 
some / G C^{Hn), then 

CF{w) = {Cnf)o7rn{w), (2.4) 

where £„ is the Ornstein-Uhlenbeck operator on Cnf{x) = XlILi {da fix) — x'^dif{x)). Our 
main result of this section is 

Theorem 2.2 (Weitzenbock formula). Let F G B3*'(VF) for some p > 1. Then 

C{\VF\l) = 2{VF, VCF)h + 2\VF\l + 2\\V^F\\1^h- (2-5) 

An integral form of the Weitzenbock formula is given in [2, Section 5.2], which is the interpre- 
tation for 1-forms of the de Rham-Hodge-Kodaira decomposition in [13]. The equality (2.5) can 
be proved by following some of the arguments in [2, Section 5.3]. For the readers' convenience, 
we include its proof here. First we consider the case where F is cylindrical. 

Lemma 2.3. The equality (2.5) holds for all F G Cylin(Ty). 

Proof. Let F{w) = f o TTn{w) for some smooth function / : i7„ — )■ M. We have VF{w) = 
Yli=ii9if){'^n{w)) hi, hence 

n 

\VF{vu)\l = mf)Mw)f = \Vnf\H7rniw)), (2.6) 

i=l 

where Vn is the gradient on the Euclidean space Hn- By (2.4), we obtain 

C{\VF\l){w) = [Cn{\Vnf\')]Mw)). (2.7) 

Now direct computations lead to 

>Cn(|V„/l2)(x) = 2llHess/lll,„^j,„ + 2(V„/, V„A„/) - 2(Hess/)(x, V„/), x G M", 

where A„ is the Laplacian on Hn- Notice that V.«(rc, V„/) = Vn/ + (Hess/) • x, therefore 

(Hess/)(x,V„/) = (V„(x,V„/),V„/) - \Vnf\^- 

Substituting this into the above equality and by the definition of £„, we get 

^n(|V„/l2) (x) = 2llHess/lll,„^j,„ + 2(V„/, V„A„/) - 2(V„(x, V„/), V„/) + 2lV„/l2 
= 2llHess/ll2,^^^„ + 2(V„/, V„£„/) + 2lV„/l2. 
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Combining this with (2.4), (2.6) and (2.7), we get the desired result. □ 

Proof of Theorem 2.2. Since Cylin(l^) is dense in D3^(Vl^), there exists a sequence {Fn : 
n > 1} of cyhndrical functionals such that hm,i^oo \\Fn — F\\jj2p^^-^ = 0. By Lemma 2.3, for all 
n>l, 

m^Fnll) = 2(VF„, VCFn)H + 2\VFn\jj + 2\\V^FnfH^H. (2.8) 

It remains to show that both sides of the above equality converge in LP(W). First it is clear 
that |VF„||^ converges to |VF||^ in D2(^)- Note that the Ornstein-Uhlenbeck operator is a 
continuous map from ©^(VF) to L^iW), thus 

hm ||£(|VF„|1,)-£(|VF|2,)|| =0. (2.9) 
Next by the triangular inequality, 

\\{VFn,VCFn)H - {VF,VCF)h\\lp < \\{VFn - VF, V£F„) ||iP 

+ \\{VF,VCFn-VCF)H\\Lp. 

Cauchy's inequality leads to 

||(VF„ - VF,VCFn)H\\Lv < \\VFn - VF|| I|v/:f„|| 

L2piW,H) 

< \\Fn - F\\j^2p^y^,^ ■ Cp\\Fn\\j^2p^-^yy (2-10) 

where the last inequality follows from the boundedness of the operator C : n'^^{W) — )• D^^(VF). 
Since the sequence ||F„||jjj2p^^^ is bounded, we arrive at 

lim ||(VF„ - VF,V£Fn)H\\Lp = 0. 

n— >-oo 

Similarly we have 

IKVF, V£F„ - V/:F)h\\lp < Cp||F||^2p(^)||F„ - F\\^2p^^^ 

whose right hand side tends to as n — t- oo. From this and (2.10), we conclude that the first term 
on the right hand side of (2.8) converges in LP{W) to 2{\/F, \/CF)h- Finally it is easy to show 
that the last two terms of equality (2.8) also converge in LP{W) to 2|VF||^ and 2||V^F|||^^^, 
respectively. Combining these results with (2.9), we complete the proof of Theorem 2.2 by taking 
limit in (2.8). □ 



3 Entropy of the solution to the Fokker-Planck equation on W 

In this section we will estimate the time derivative of entropy of the solution to the Fokker- 
Planck equation associated to the Ornstein-Uhlenbeck operator. From (2.3), we see that for any 
initial value uq E Cylin(Vl^), ut := PiUq gives the solution to the Fokker-Planck equation in the 
classical sense. In the following we show that this fact remains true for all uq G L'p{W), where 
p> I. 

First we introduce the notion of weak solution to (1.1). A function u G L°°([0, oo), LP(T4^)) 
is called a weak solution to the equation (1.1) if for any a G C^([0, oo)) and F G Cylin(VF), it 
holds 

-a(0) / Fnod/i= / / [a' {t)F + a{t)CF]utdiidt. (3.1) 
Jw Jo Jw 
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For uq > satisfying J^uodfi = 1 and — Ent(no) = /^^ no log d^u < +00, it is shown in 
[3, Theorem 3.7] that the weak solution ut of equation (1.1) can be constructed via De Giorgi's 
"minimizing movement" approximation. But the uniqueness of solutions is not considered there. 
The existence and uniqueness of general Fokker-Planck type equations are studied in [8]; however, 
those results do not apply to the equation (3.1) (see [8, Remark 4.6]). 

We first prove the following simple result. For n > 1, let E''^" be the conditional expectation 
on W with respect to the cj- field generated by cylindrical functionals of the form F = / o 7r„. 
We also denote by and E'^" the expectations on W and Hn respectively. 

Lemma 3.1. Let uq € L^{W) and ut = PtUQ, t > 0. For n > 1, define the function Un{t) G 
LP{Hn, fLn) such that Un{t) o -Kn = K^''{ut). Then 

Unit) = Pi"^n„(0), 

(n) 

where is the Ornstein- Uhlenheck semigroup on Hn . 

Proof. For any F = / o vr^ with / G C^{Hn), by the symmetry of the operator Pf (see 
Proposition 2.1(3)), we have 

E'^"[/n„(i)] =E'^[(/o7r„)E^"(nt)] =E''[Fut]=E''[{PtF)uo]. 

By the Mehler formula (2.2), it is clear that PtF = (^P^^^ o 7r„, hence 

W-[fun{t)] = E^[(P/"V) o • ^0] = lE^[(i='/"V) o 7r„ • E^"(no)] 
= E'^" [(P("V) • n„,(0)] = E'^" [/Pi"^n„(0)] , 

where the last equality follows from the symmetry of -P^^^ Since / G C^{Hn) is arbitrary, we 
complete the proof. □ 

Theorem 3.2. Let uq G LP(VF) with p > 1. Then ut := Pt'Uo is the unique weak solution to the 
Fokker-Planck equation (1.1) in the space 

S = {v^ L°^([0,oo),LP(W^)) : Vv G ([0, 00), LP(W, if)) }. 

Proof. First we check that ut = PtUQ is really a solution of (1.1). Letting m = 1 in Proposition 
2.1(4) and by the definition of At, it is clear that V{PtUo) G ([0, 00), LP{W, H)) , hence u G 5. 
Next we take a sequence {u^'") : n > 1} of cylindrical functionals such that lim„_^oo ||n(") — 
^oIIlp = 0. For any 7i > 1, let u[^^ = Ptu^^\ Then by (2.3), we have ■§iu[^^ = Cu[^\ Thus for 
any a G C^{[0,co)) and F G Cylin(H^), it holds 

-a(0) / Fu(")d/i= [ [ [a'{t)F + a{t)CF]ul''^ diidt. (3.2) 
Jw Jo Jw 

By Proposition 2.1(2), we have 

sup \\u[^^ — Ut\\LP < ll^i^"'' — Uo\\lp — 
0<t<oo 

as n — )• 00. Noting that CF G L'^{W) where q is the conjugate number of p : p~^ + q~^ = 1, 
taking limit in (3.2) gives us the equality (3.1). That is to say, ut = PtUo is a weak solution to 
the Fokker-Planck equation (1.1). 
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Next we prove the uniqueness of weak solutions to (3.1). Let v £ S he any solution of (3.1) 
with vq = uq. For any n > 1, define u„ G ]J'{Hn, /U„) such that 

UnOTrn = E^"(no). 

Similarly we define Vn{t) € L'P{Hn, fin) from vt- It is easy to know that Vn belongs to the space 

Sn = {vn G L'^{[0,^),LP{Hn,fin)) : V„U„ G L\[0,(X^),LP{Hn,Hn,fln))}. 

Now fix n > 1. Then for any F = / o 7r„ G Cylin(VF) and a G C^{[0, oo)), it holds 

-a(0) / F'Uod/i= / / [a'{t)F + a{t)CF]vtdndt. 
Jw Jo Jw 



(3.3) 



We have 



w 



Fuodfi = E^[(/ o 7r„)no] = E^ [{f o x„)E^"(no)] 



= E^[(/ o 7r„)(u„ o 7r„)] = / fUndfln- 

Now for any t G [0, T], in the same way we have 

/ Fvtdix = I fvn{t)dnn 

JW JH„ 

and by (2.4), 

/ {£F)vtdfl= / {Cnf)Vn{t) dfln- 

Jw Jh^ 
Therefore the equation (3.3) becomes 

-a(0) / fundfin= / [a'{t)f + a{t)Cnf]vn{t)dfindt. (3.4) 

This means that Vn is a weak solution to the finite dimensional Fokker-Planck equation 

d 

— f„(t) = CnVn{t) 
Ot 

with initial condition Un(0) = n„,. Approximating ii„ by smooth functions with respect to the 
norm in U'{Hn, Hn) and following the argument of the starting part of this theorem, we can show 
that P^^^Un is also the solution to (3.4) with the same initial value Moreover P^^'^Un G 5^. 
By the uniqueness of solutions in the finite dimensional case (cf. [8, Theorem 4.10] restricted to 
the finite dimensional context or [5, Corollary 1]), we obtain Vn{t) = P^^'^Un for alH > 0. Lemma 
3.1 tells us that Vn{t) o vr^ = (yP^^^Un) o T^n = ^^"{ut)- Letting n tend to infinity, we conclude 
that Vt = ut = PtUQ. Therefore we get the uniqueness of weak solutions to the Fokker-Planck 
equation (3.1). □ 

In the next proposition we show that ut = PiUq is also a solution to equation (1.1) in the 
strong sense. 

Proposition 3.3. Let uq G LP(W) for some p > 1. Then for any m > 0, the following equality 
holds in 0?n{W): 

— Pfito = C{PtUo), for all t > 0. 
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Proof. By Proposition 2.1(4), for any t > 0, 

\\Ptuo\\np^(w) < 



i=0 



1/p 



^ Cp^m 

\\uq\\lv^A\. 
i=0 



(3.5) 



Therefore by the boundedness of the Ornstein-Uhlenbeck operator C : B^^2(^) ~^ Dm(VF), 



m+2 



i=0 



(3.6) 



Recall that At = e~*/Vl — e~^*. Thus for any < s < t < oo, the right hand side is integrable 
on the interval [s,t]. In particular, (3.5) implies that the curve (0,oo) 9 t — )• PtUQ is locally 
integrable in the Sobolev space I])^(VF). 

Now we take a sequence {n„ : n > 1} of cylindrical functionals such that ||iin — iiollLP(VK) ~^ 
as n goes to oo. Then for any t > 0, (3.5) leads to 



lim \\PtUn - PtUo\\jiP^(w) < Cp^mi y^Al ] lim ||n.„ - uo\\lp = 0. 

^ 1=0 ' 



Similarly, for all < s < t < oo, by (3.6) 



/ CPt-Uq dr 


<-j 


Is 





< / ||£P^u„ - £P^no||in,p^(M/) dr 

J s 



m+2 „t 

< Cp,m\\Un - uo\\lp / A^-dr, 
whose right hand side tends to as n — )■ oo. Now by (2.3), for every n > 1, we have 

PtUn - PsUn = CPrUn dr. 

With (3.7) and (3.8) in mind, letting n — t- oo in the above equality gives us 

Ptuo - PgUo = / CPrUo dr, 

J s 

which holds in any Sobolev space II>^(iy). In particular, by (3.6), 

\\PtUo - PsUo\\„P^(^^) < / \\CPrUo\\jj^^w)dT <Cp^m\\uo\\Lp^ / A'^dr, 

Js .^Q Js 

which implies that (0, oo) B t ^ PtUo S Dm(VF) is continuous for any m > 1. 
Now by the boundedness of £, 



PtUo - PsUo 



t - s 



CPgUo 



< 



1 



t - s 



\CPrUo - CPsUo\\oP^(^iv) 



C 

~ t- S 



\PrUo - PsUo\\jj,P 



dr. 



(3.7) 



(3. 



(3. 
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The continuity of (0, oo) B t ^ Pt^o G gives rise to 

PtUo - PsUq 



lim 

t—>-s 



t - S 



CPgUo 



0. 



AW) 



The proof is complete. 

Now we prove an equahty which is critical in the proof of the main result. 
Theorem 3.4. Let ut = PtUo with uq € L^^{W) and uq > Eq for some Eq > 0. Then 

|2 



□ 



dtj \ Ut J Ut Ut 



2 Vut Vut 
V ut- 



2 

H(g)H 



Ut 

Proof. By Proposition 2.1(4), ut = PtUo G ofiW), thus \Vut\jj G Df{W). We also have 
G ol^iW). Indeed, since the initial value uq is bounded from below by Eq > 0, we have 
Ut > £o for ah t > 0. Prom V(n7^) = -u^'^Vut it follows that \V{uI^)\h < E^'^\\Iut\H- Thus 
V(V^) G L'^P{W,H). Next 



2u, -^Vut ® Vut - u. V Ut, 



hence 



\W'^{uT^)\\h®H < 2EQ^\Vut\]j + E^'^WV'^UtWH^H 

which implies that V'^{ut'^) G L'^p{W,H H). To sum up, Ut^ G ol^{W). Therefore by [12, 
Proposition 1.5.6], we see that G ©^(V^). 



Now 



'^(^^) = V'^(|Vntp) + |V^xj|2/:(n7i) + 2(VK-i),V(|Vnt|2))^. (3.10) 



By the Weitzenbock formula proved in Theorem 2.2, 

m^ut\jj) = 2{Vut, VCut)H + 2\yut\jj + 2||V\j|| 

It is easy to show that £(u^^) = —uj'^Cut + 2ut^\Vut\% and 

(V(ni-i),V(|Vnt|2)>^ = -2^x,"2(v2nt,V7Xt 0Vnt>^^^. 

Substituting these equalities and (3.11) into (3.10) gives us 



(3.11) 



mut\ 

V Ut 



— (\7ut,VCut] 



Ut 



H 



I '^Cut + -\Vut\% + - 



Next it is clear that 



d nvuti 

dt V Ut 



Ut 



2. 



2 Vtif (g) Vut 

V lij - 



Ut 



2 



dt 



Ut- 



Combining the above two equalities, we obtain the desired formula. 

Finally we are in the position to prove the main result of this paper. 
Proof of Theorem 1.1. By the definition of entropy. 



(3.12) 



□ 



AEnt(u,) = -^/^n,logn,d/.. 
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To commute the differential and integral, we have to check the conditions in Theorem 4.1 for 
the function (0,oo) x W 3 {t,w) i-^ ut{w) log ut{w). The first condition is obviously satisfied. 
In view of Proposition 3.3, we have 

d 

— {ut log ut) = {log Uf) Cut + Cut, 
ot 

hence the condition (ii) is verified. It remains to check condition (iii). Let < a < 6 < oo. 
Taking m = in (3.6), we obtain that 

2 

\\Cut\\L2p{W) < Cp||no||L2p ^ Aj, t > 0. (3.13) 

Since ut > Eq > 0, it is clear that logeo < log ut < ut, hence 

I logutl < I logeol V < I logeol + ut. 
Therefore by the contraction property of the Ornstein-Uhlenbeck semigroup Pt, 

sup II lognt||/^2p < I logeol + sup ||'Uj||^2p < | logeol + HiiollLap- (3-14) 

t>0 t>0 

Now by (3.13) and (3.14), Cauchy's inequality gives us 

^•b r rb fb 

/ / I (log nt)£nt I d^dt < / || (log nt)£nt||Lp dt < / \\ log ut\\ L2p\\Cut\\ dt < +oo. 

J a JW J a J a 

Hence the condition (iii) in Theorem 4.1 is satisfied too. We pass the differentiation into the 
integral sign and get 

d 



-Ent(nt) = - / [{logut)Cut + Cut]d^. 
JW 



dt 

We have 

\Vlogut\H = \u^^Vut\H < ^iVutln, 
hence logut G D^^(VF). By the integration by parts formula we get 

dt 

|2 

can prove in a similar way that the function {t,w) i— t- ^^"'^^ (w) satisfies the three conditions in 



-Eni{ut) = - [ ilogut)Cutdfi= [ d//. (3.15) 

^ JW JW 



Next we have C( }^^^^ ) d/i = 0, again due to the integration by parts formula. By (3.12), we 

can prove in a simile 
Theorem 4.1, hence 



dt Jw Ut Jw ot \ Ut J 

Therefore, integrating both sides of the formula in Theorem 3.4, we obtain 



dt Jw Ut Jw Ut 



„2 ^Ut ® Vut 

y Ut - 



Ut 



2 



iVntl^ 



d^ + 2 / '• "'^ dix 

H®H Jw Ut 



>2/ ^dM^ 



iw Ut 

Using Proposition 2.1(2) (it is also true for functionals in L^iW^H)), we can show that t i— )• 
/w ^^m'^^ d;U is right continuous at t = 0. Therefore 



Iw Ut Jw uq 

In view of (3.15), the proof is complete. □ 
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4 Appendix: a result on the differentiation under the integral 
sign 

In the proof of Theorem 1.1, we need the following theorem from the analysis which guarantees 
the differentiation under the integral sign. See [1] for an introduction of related results. For the 
reader's convenience, we give its complete proof here. 

Theorem 4.1. Let T he an open interval of M., and (^2,1^) a measure space. Suppose that a 
function / : T x — M satisfies the following conditions: 

(i) f{t,uj) is a measurable function oft and lo jointly, and is integrable over il. for almost all 
t £ T fixed; 

(ii) for almost all u, the derivative ^f{t,uj) exists for all t E T; 



(iii) for all compact intervals [a, h] C T , we have 



rb 

la JQ 



dh'{io)dt < +00. 



Then for a.e. t £ T, 



A j f(t,u;)duioj)= j ^J{t,u)du{uj). 



Proof. For t £T, define F{t) = f{t,uj) duluj). Then t i— ?• F{t) is absolutely continuous on 
T. Indeed, for any e > 0, we conclude from condition (iii) that there is k > 0, such that for any 
measurable set E C [a, b] whose Lebesgue measure is less than k, it holds 



EJn 



fit,oo] 



di'{uj)dt < e. 



For any finite sequence of pairwise disjoint intervals {xk,yk) of T satisfying Uk{xk,yk) C [o, 6] 
and YlikiVk — Xk) < K, we have 



Y^\F{yk)-F{xk)\<Y, [ \f{yk,^)-f{xk,uj)\du{uj). 



(4.1) 



k k 
By (iii) and Fubini's theorem, for any < a < 6 < oo. 



QJ a 



f{t,u] 



dsdv{uj) < oo. 



hence for z/-a.e. oj £Vt, \ ^f{t,oj)\ dt < oo. As a result. 



f{b,u}) - f{a,uj) 
By (4.1) and Fubini's theorem, we obtain 

Y^\F{y,)-F{x,)\<Y, 
k k 

-I / 



d_ 
dt 



f{t,Uj)dt. 



dsdi'(uj) 



fit,oo) 



di^(a;)ds < e. 
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Therefore F is locally absolutely continuous, and ^F{t) exists for a.e. t ^ T. 

Next for t £ T, define g{t) = -^/(tjUj) ([^{uj). By assumption (iii), the function g is 
locally integrable on T. Fix a £ T, define G{t) = g{s) ds for all t £ T. Then by Lebesgue's 
differentiation theorem, we have 

g{t) = ^Git) for a.e. t G T. (4.2) 
at 

Next for a.e. t £ T, 

—G(t) = lim - (G(t + h)- Git)) = lim - / / — /(s, w) dv(uj)ds. 

Due to condition (iii), we can apply Fubini's theorem to get 

-G(t)=lim- / / -/(.,^)d.dK^) 
dt HQ h J^Jt ds 

= liin|/ {f{t + h,uj)-f{t,uj))du{uj) 
"-10 n jQ 

Combining this with (4.2) and the definitions of F, g, we complete the proof. □ 
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